Introduction {#Sec1}
============

Bacterial cells contain thousands of molecular species and are exceedingly complex, yet they exhibit certain remarkable regularities at the system level which have been quantified experimentally. The regularities of concern in this paper are a subset of the so-called 'bacterial growth laws' (Monod [@CR9]; Schaechter et al. [@CR11]; Maaloe and Kjeldgaard [@CR6]; Maaløe [@CR5]; Bremer and Dennis [@CR2]; Scott et al. [@CR12]) which highlight the relationships between macroscopically measured quantities such as cell composition, size, growth rate and the environment or medium in which the cell grows. The empirical relationships are summarized in terms of phenomenological equations. In this paper we attempt to deduce these phenomenological relationships from a mathematical model of a cell containing a few interacting (pools of) molecular species. The population dynamics of these molecular species based on standard chemical kinetics, together with an optimization principle, gives rise to the growth laws.

When genetically identical bacterial cells drawn from an overnight culture are introduced into a vessel containing a medium with a certain concentration of nutrients, temperature, etc., they exhibit several phases of growth (Monod [@CR9]). These include, in sequence, a lag phase where there is very little growth in the number of cells, an acceleration phase where growth picks up, an exponential phase in which the population of cells grows exponentially with time (at a constant growth rate), a deceleration phase with declining growth rate that sets in when the food begins to run out and a stationary phase where the population is constant, followed by an eventual population decline. Regularities are most apparent in the exponential phase which is often referred to as a steady state. In this phase the averages and distributions (across the population of cells) of cell doubling time, cell size at birth, intracellular concentration of ribosome, total protein and metabolites become constant in time (for as long as the exponential phase lasts). These constant average values depend upon the strain of bacteria and on the medium (its concentration of nutrients, temperature, etc.). Repeated experiments with the same strain and medium but with different initial conditions (corresponding to different overnight cultures) yield the same growth rate in the steady state and the same values of these averages. The growth laws are statements of how the growth rate and these averages depend upon the environment and cellular parameters. The first of these, due to Monod ([@CR9]), is the hyperbolic dependence of the steady-state growth rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\infty$$\end{document}$ is the maximum value of the growth rate possible in the medium and $\documentclass[12pt]{minimal}
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                \begin{document}$$C_1$$\end{document}$ the value of \[*F*\] at which the growth rate is half its maximum value.

In the cell, the ribosome which assembles amino acids to produce proteins from a messenger RNA template is an important catalyst of cell growth. The amount of cellular investment in ribosomes is found to depend upon the growth rate in a characteristic manner. In particular, the ratio of ribosomal protein in the cell to total protein in the cell (by weight), referred to as the 'ribosomal fraction' $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ is increased by improving the nutritional quality of the medium (Schaechter et al. [@CR11]; Maaløe [@CR5]; Bremer and Dennis [@CR2]):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Phi _R=\Phi _R^\mathrm{min} + {\mu \over \kappa _t}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _t$$\end{document}$ are constants. However, when $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ is altered by changing the catalytic efficiency of ribosomes (e.g., by producing mutants with different catalytic efficiencies or by adding antibiotics in the medium that particularly affect the catalytic efficiency) keeping the nutritional quality of the medium the same, then $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ (Scott et al. [@CR12]):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Phi _R=\Phi _R^\mathrm{max} - {\mu \over \kappa _n}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _n$$\end{document}$ are constants. The above three equations can be considered to be phenomenological equations describing bacterial growth steady states, with the six constants $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\infty,C_1,\Phi _R^\mathrm{min},\Phi _R^\mathrm{max},\kappa_t ,\kappa _n$$\end{document}$ as phenomenological constants (Scott et al. [@CR12]). The simplicity and universality of these phenomenological laws are surprising given the complexity and diversity of bacteria. In addition to the above growth laws, the size of bacterial cells also exhibits remarkable properties which are not the subject of this paper.

There have been several recent works which have attempted to understand the growth laws theoretically, through mathematical modeling (Molenaar et al. [@CR8]; Scott et al. [@CR12], [@CR13]; Maitra and Dill [@CR7]; Weiße et al. [@CR14]; Bosdriesz et al. [@CR1]). Scott et al. ([@CR12], [@CR13]) have related the phenomenological constants to molecular parameters of the cell. Taking forward an idea due to Maaløe ([@CR5]), they have argued that the growth laws reflect regulatory mechanisms in the cell that optimize its growth rate in any given medium. They and other authors (Maitra and Dill [@CR7]; Weiße et al. [@CR14]; Bosdriesz et al. [@CR1]) have constructed models for the molecular regulatory mechanisms inside the cell that can produce the above growth laws.

In this paper we adopt a different approach that is closer in spirit to the work of Molenaar et al. ([@CR8]). Molenaar et al. considered a nonlinear dynamical model of a cell with a few classes of metabolites and enzymes as well as ribosomes and showed through computer simulations that maximization of the cellular growth rate qualitatively reproduced some of the growth laws and other observed properties of cells. Here we consider a simpler nonlinear dynamical model of the cell containing only three molecular populations: one metabolite pool, one enzyme pool and ribosomes. We are able to obtain an explicit formula for the growth rate of the cell as a function of cellular and medium parameters, which has so far been lacking in existing models. Maximizing the growth rate with respect to one of the parameters, the fraction of ribosomes making ribosomes, we derive all the three growth laws analytically. The method produces analytic expressions for the phenomenological parameters in terms of the molecular parameters in the model. These expressions are generalizations of the ones obtained by Scott et al. and reduce to their results when certain processes are ignored. We show that the optimization of growth rate leads to a simple principle of cellular economy. The work provides a direct connection between growth rate optimization and the growth laws.

At a methodological level we identify natural large parameters in the cell that are useful in making approximations. This might prove useful in more complex cellular models and in modeling other cellular phenomena as well.

Precursor-Transporter-Ribosome (PTR) cell: a coarse grained model {#Sec2}
=================================================================

Consider a simple mathematical model of a growing cell consisting of three types of molecules; precursors, transporters and ribosomes. We refer to this model as the Precursor-Transporter-Ribosome (PTR) model. The system has the following three reactions (Fig. [1](#Fig1){ref-type="fig"}):$\documentclass[12pt]{minimal}
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                \begin{document}$$F \xrightarrow {T} P$$\end{document}$, where external food molecules (*F*) are transported into the cell by the action of transporter proteins (*T*) and converted into precursor molecules (*P*) representing amino acids;$\documentclass[12pt]{minimal}
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                \begin{document}$$P \xrightarrow {R} T$$\end{document}$, where *P* molecules are converted into *T* by the catalytic action of ribosomes (*R*), and$\documentclass[12pt]{minimal}
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                \begin{document}$$P \xrightarrow {R} R$$\end{document}$, where *R* catalyses the production of itself using *P*.Fig. 1The PTR cell. Precursor molecules (*P*) are produced by the catalytic action of the metabolic proteins (*T*) on the external food molecules (*F*). Metabolic proteins and ribosomal proteins (*R*) are synthesized from the *P* molecules in reactions catalysed by *R*

All the molecules are produced in the interior of the cell. The membrane consists solely of transporter molecules, which are assumed to migrate immediately upon formation to the cell boundary. The interior of the cell consists of precursor molecules and ribosomes. The model is described by the following set of differential equations: $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} \frac{{\rm d}R}{{\rm d}t}&= K_R\frac{RP}{V} - d_R R, \end{aligned}$$\end{document}$$where *P* represents the number of precursor molecules in the cell (amino acid pool), *T* the number of all metabolic protein molecules that transport food into the cell and convert it into precursor and *R* is number of ribosomes in the cell. The rate constant $\documentclass[12pt]{minimal}
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                \begin{document}$$K_P$$\end{document}$ represents the efficiency of metabolism in making *P* from external food. It is an increasing function of the external food concentration \[*F*\] (explicit forms to be discussed later) and can also encapsulate the quality of the food source (e.g., the number of *P* molecules produced per food molecule transported in). The other production rate constants are parametrized as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} K_T = \frac{f_T k}{m_T}, \quad K_R = \frac{f_R k}{m_R}, \quad f_T + f_R = 1, \end{aligned}$$\end{document}$$where *k* represents ribosomal catalytic efficiency and is the rate at which a single ribosome consumes *P* molecules, per unit concentration of *P*, for the production of proteins. This accounts for the term *kRP*/*V* in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{P}$$\end{document}$ equation, the total rate of consumption of *P*. A fraction $\documentclass[12pt]{minimal}
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                \begin{document}$$f_T$$\end{document}$ of the ribosomes makes the *T* proteins and the remaining fraction $\documentclass[12pt]{minimal}
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                \begin{document}$$f_R$$\end{document}$ the ribosomal proteins. Thus, of the *P* consumption flux a part $\documentclass[12pt]{minimal}
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                \begin{document}$$f_T kRP/V$$\end{document}$ goes to produce *T* and the remaining part $\documentclass[12pt]{minimal}
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                \begin{document}$$f_R kRP/V$$\end{document}$ goes to produce *R*. Each *T* molecule (ribosome) contains $\documentclass[12pt]{minimal}
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                \begin{document}$$m_R$$\end{document}$) amino acid residues; hence the rate of production of *T* is $\documentclass[12pt]{minimal}
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                \begin{document}$$f_R kRP/{V m_R}$$\end{document}$. This explains the assumed forms of $\documentclass[12pt]{minimal}
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                \begin{document}$$K_T$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_R$$\end{document}$. $\documentclass[12pt]{minimal}
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                \begin{document}$$d_R$$\end{document}$ are the degradation rates of *T* and *R*, respectively, into a waste product; we assume a negligible degradation rate for *P*.

*V* is the instantaneous volume of the interior of the cell and we assume that it is a linear function of the molecular populations. Since molecular populations in the bulk are *P* and *R*, we can take it to be proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$P+R$$\end{document}$. Our results do not depend upon this particular choice and for generality we assume$$\documentclass[12pt]{minimal}
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Steady-state solution of the PTR cell {#Sec3}
=====================================

The steady state of a bacterial culture corresponds to cells growing exponentially with a constant rate. We look for an exponential solution for the chemical populations: $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$, a constant, is the growth rate of the PTR cell. Substituting this ansatz into Eq. (4), we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$V_0 = v_PP_0 + v_TT_0 + v_RR_0$$\end{document}$. Henceforth we drop the subscript 0 as the equations are valid for the time-dependent quantities *P*(*t*), *T*(*t*), *R*(*t*) as well. The last of these equations immediately gives$$\documentclass[12pt]{minimal}
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*Growth rate*   The Eq. ([8](#Equ12){ref-type=""}) gives $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ and the parameters \[Eqs. ([9](#Equ13){ref-type=""}) and ([10](#Equ14){ref-type=""})\]. Therefore, the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ and the parameters. Simplifying it, we get a quadratic equation in $\documentclass[12pt]{minimal}
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The PTR model with 'regulation' and bacterial growth laws {#Sec4}
=========================================================
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*Incorporating the effect of regulatory mechanisms through an optimization assumption*  In order to bring in regulatory mechanisms we can make the rate constants dependent on molecular concentrations reflecting feedback mechanisms or introduce other molecular species (the regulators) into the model (Scott et al. [@CR13]; Maitra and Dill [@CR7]; Weiße et al. [@CR14]; Bosdriesz et al. [@CR1]). However, in the interest of mathematical simplicity we take an alternative approach involving optimization, employed earlier by Molenaar et al. ([@CR8]) for a different model. We assume that for any fixed medium and other cellular parameters additional regulatory mechanisms existing in the cell act to modify $\documentclass[12pt]{minimal}
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*Optimized steady state of the PTR cell reproduces qualitative features of observed growth laws*  Figure [2](#Fig2){ref-type="fig"}b, c shows that the optimized steady state of the PTR cell qualitatively satisfies the growth laws summarized in Eqs. ([1](#Equ1){ref-type=""})--([3](#Equ3){ref-type=""}). In Fig. [2](#Fig2){ref-type="fig"}b to increase the growth rate for the PTR cell we only increase the medium quality *q* (keeping $\documentclass[12pt]{minimal}
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For a smaller value of *k* (smaller ribosomal efficiency), the $\documentclass[12pt]{minimal}
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Discussion {#Sec5}
==========

*Nutritional and ribosomal efficiency*  We now discuss the meaning of the formulae obtained. The formulae are expressed in terms of two quantities $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho$$\end{document}$ and it is useful to interpret these quantities first. We follow Scott et al. ([@CR13]) in calling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu$$\end{document}$ the *'nutritional efficiency'* of the PTR cell in the given medium. Note that the production term in $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu$$\end{document}$ is the number of amino acid molecules produced in the cell per unit time per amino acid residue locked up in the metabolic enzymes. $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho$$\end{document}$, being the maximal rate of *R* production per unit *R* present, will be referred to as the *'ribosomal efficiency'* of the cell. The factor $\documentclass[12pt]{minimal}
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*Optimization as a principle of cellular economy*  As mentioned earlier, the growth laws ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) follow from ([19](#Equ28){ref-type=""}). The latter is a more basic equation as it expresses $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{`Output}}\text{'}{\mathrm{\;of\;metabolic\;sector}} = {{\mathrm{`Output}}\text{'}{\mathrm{\;of\;ribosomal\;sector}}}.$$\end{document}$$Equivalently, ([22](#Equ31){ref-type=""}) can be stated as the following principle of cellular economy: the resources allocated to the enzyme and ribosomal sectors are inversely proportional to their respective efficiencies. In other words, the PTR cell follows the dictum: From each sector according to its ability, to each sector according to its need. Here 'ability' of a sector is the same as its 'efficiency', defined earlier, and 'need' is the allocation or investment in the sector that would make its 'output' equal to that of the other sector. This principle follows from the optimization of the growth rate of the PTR cell as a whole in the large $\documentclass[12pt]{minimal}
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                \begin{document}$$m_T,m_R$$\end{document}$ approximation. Note that efficiency is hardwired into the cellular and medium parameters while the allocation, in the context of the present model, is a matter of cellular 'choice' (though, of course, in practice, even that is hardwired into the regulatory mechanisms that dynamically implement the 'choice'.)

We remark that ([22](#Equ31){ref-type=""}) is not a requirement for the system to have a steady state. Indeed, steady states are achieved in the model even when $\documentclass[12pt]{minimal}
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*The Monod curve*   We turn to a discussion of the analytic expression for $\documentclass[12pt]{minimal}
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                \begin{document}$$C_1=\rho /k_1$$\end{document}$. Alternatively, if the transport limited Michelis-Menten form of food uptake $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu =\nu _0 [F]/(K+[F])$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The difference between our derivation of ([24](#Equ33){ref-type=""}) and that of Scott et al. is that the latter uses the growth laws ([2](#Equ2){ref-type=""}), ([3](#Equ3){ref-type=""}) as the starting point and obtains the above mentioned expression for $\documentclass[12pt]{minimal}
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It may be helpful to make a few remarks about ([24](#Equ33){ref-type=""}). The right-hand side is a symmetric function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho$$\end{document}$, which define the two natural time scales in the problem. (1) For fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho$$\end{document}$ as a function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu$$\end{document}$, it saturates at a maximum value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Conclusion {#Sec6}
==========

In this paper we have constructed a simple dynamical system describing a cell in terms of its three coarse-grained molecular pools and shown that the optimization of the steady-state growth rate of the cell with respect to a parameter that can be tuned by intracellular regulation leads to the growth laws ([1](#Equ1){ref-type=""}), ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}). We have reproduced and extended existing formulae for the growth rate and other physiological parameters. This deepens our understanding of the macroscopic physiological variables in terms of microscopic parameters. We expect that this kind of model can be extended to include other molecular sectors in the cell (Hui et al. [@CR4]).

At a methodological level we have introduced a scheme that allows an explicit computation of the steady-state growth rate of the cell in terms of the cellular and medium parameters. In this scheme a key assumption is that the volume of the cell is determined by its molecular populations. We have also put to use two natural large parameters in the cell, $\documentclass[12pt]{minimal}
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Our model uses an optimization principle to fix an internal parameter, $\documentclass[12pt]{minimal}
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                \begin{document}$${f_R}$$\end{document}$, the fraction of ribosomes making ribosomes. The model is silent on the dynamical mechanisms inside the cell that implement this optimization. These mechanisms have been the subject of several recent works (Scott et al. [@CR13]; Maitra and Dill [@CR7]; Weiße et al. [@CR14]; Bosdriesz et al. [@CR1]). We hope that combining some of the methods introduced here with the mechanisms discussed in these works will produce models that are more satisfactory than the present one.

Appendix {#Sec7}
========
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